Characterizations of ordinal spaces via continuous selections  by Fujii, Seiji
Topology and its Applications 122 (2002) 143–150
Characterizations of ordinal spaces via continuous selections
Seiji Fujii
Yuge National College of Maritime Technology, Yuge-cho, Ochi-gun, Ehime 794-2593, Japan
Received 25 September 1999; received in revised form 29 June 2000
Abstract
We give several characterizations of ordinal spaces by means of the existence of a continuous
selection which has the property that the value of every non-empty closed set is an isolated point
of the closed set, and which has some additional properties. This is a generalization of result of
Fujii and Nogura [Topology Appl. 91 (1999) 65–69], which characterizes compact ordinal spaces
via continuous selections. Furthermore we give another simpler characterization of ordinal spaces
via Fell-continuous selections.  2002 Published by Elsevier Science B.V.
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0. Characterization theorems
For a topological space X we use F(X) to denote the space of all closed, nonempty
subsets of X endowed with the Vietoris topology [7,6]. Recall that the basis for the Vietoris
topology consists of sets
〈V0,V1, . . . , Vn〉 =
{
F ∈F(X): F ⊂
⋃
in
Vi and F ∩ Vi = ∅ for all i  n
}
,
where n is an arbitrary natural number and V0,V1, . . . , Vn are arbitrary open subsets of X.
A map φ :F(X) → X is called a selection on X if φ(F) ∈ F for every F ∈ F(X).
A continuous selection is a selection φ :F(X)→ X which is continuous with respect to
the Vietoris topology. As usual an ordinal is the set of predecessor ordinals, and a cardinal
is the least ordinal with the same cardinality.
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Let X be a locally compact non-compact space and let φ :F(X)→ X be a selection
on X. By X∗ we denote the one-point compactification αX = X ∪ {∞} of X. By φ∗
we denote a selection on X∗ defined as follows: for every F ∈ F(X∗), define φ∗(F ) =
φ(F ∩X) if F ∩X = ∅, and φ∗(F )=∞ if F = {∞}. We call φ∗ the extension of φ to X∗.
If a continuous selection φ on X has the continuous extension φ∗, φ is called continuously
extendable to X∗.
In [3], compact ordinal spaces are characterized by means of the existence of a
continuous selection with the property:
Theorem 0 [3, Theorem 1]. Let X be a compact Hausdorff space. The following are
equivalent:
(A) X is homeomorphic to an ordinal space.
(B) There exists a continuous selection φ :F(X)→ X such that φ(F) is an isolated
point of F for every F ∈F(X).
The purpose of this paper is to solve the problem posed in [3] by generalizing the above
theorem to the case of locally compactness of X, as follows:
Theorem 1. Let X be a Hausdorff space. The following are equivalent:
(1) X is homeomorphic to an ordinal space.
(2) There exists a continuous selection φ :F(X)→X such that
(2.1) φ(F) is an isolated point of F for every F ∈F(X), and
(2.2) X is locally compact, and φ is continuously extendable to X∗ if X is not
compact.
(3) There exists a continuous selection φ :F(X) → X and a cover K consisting of
compact subsets of X such that
(3.1) φ(F) is an isolated point of F for every F ∈F(X), and
(3.2) if F ∩K = ∅, then φ(F)= φ(F ∩K), for every F ∈F(X) and K ∈K.
(4) There exists a continuous selection φ :F(X) → X and a cover K consisting of
compact subsets of X such that
(4.1) φ(F) is an isolated point of F for every F ∈F(X), and
(4.2) if F ∩K = ∅, then φ(F) ∈K , for every F ∈F(X) and K ∈K.
We note that in the above Theorem 1, (2) is an external characterization, while both (3)
and (4) are internal ones. It is clear that the condition (3.2) implies (4.2).
Furthermore, by our Theorem 1 and some results in [4], we get another very simple
characterization of ordinal spaces via the concept of “Fell-continuity” of selections (for
the definition of Fell-continuity, see Section 2):
Theorem 2. Let X be a Hausdorff space. The following are equivalent:
(1) X is homeomorphic to an ordinal space.
(2′) There exists a Fell-continuous selection φ :F(X) → X such that φ(F) is an
isolated point of F for every F ∈F(X).
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Note that Theorem 2 is also a generalization of Theorem 0, because in compact spaces
the Fell-continuity of selections is equivalent to the usual continuity.
1. Proof of Theorem 1
Proof of Theorem 1. (1) ⇒ (4): Let X= δ be an ordinal space. Define a map φ :F(X)→
X such that φ(F) is the minimal element of F with respect to the usual order < on X for
every F ∈ F(X). Let Kα = α + 1 for every α < δ and K = {Kα : α < δ}. Then obviously
φ and K satisfy the conditions in (4).
(4) ⇒ (3): This will be proven by a similar argument to the proof of (B) ⇒ (A) in
Theorem 0.
Let κ = |X| be the cardinality of X and κ+ be the smallest cardinal bigger than κ . By
induction we can define a transfinite sequence {xα: α < κ+} of points of X such that for
every α < κ+:
(i) Xα = {xβ : β < α} is open in X,
(ii) if Yα =X \Xα = ∅, then xα = φ(Yα).
This is possible because φ(F) is an isolated point of F for every F ∈ F(X). Let
δ =min{α < κ+: Yα = ∅}. Then X = {xα: α < δ} =Xδ .
First, by (4.2) we see that K is a chain with respect to inclusion relation, as follows:
suppose not, then we find K0, K1 ∈ K such that K0 ⊂ K1 and K1 ⊂ K0. Putting
F = {x0, x1}, where x0 ∈K0 \K1 and x1 ∈K1 \K0, we obtain φ(F) ∈K0 and φ(F) ∈K1
by (4.2). So we have φ(F) = x0 and φ(F) = x1, which is a contradiction. And it is also
easily checked by (4.2) that
(iii) for every K ∈K, K is an initial segment of the indexed set X = {xα: α < δ}; that
is, if xα ∈K and β < α < δ then xβ ∈K . Therefore, since K covers X,
(iv) for every α < δ there is K ∈K such that Xα+1 ⊂K .
Second, by induction on α < δ we get that
(v) Xα ⊂Xα+1 for every α < δ.
Using (iv), we obtain this fact (v) by the same method as the proof of (B) ⇒ (A) in
Theorem 0, so we omit the proof.
Finally, by (i), (iv) and (v), we easily show that
(vi) {Xα+1: α < δ} is a clopen compact cover of X.
Hence X is locally compact.
Now, let α(F )=min{α < δ: xα ∈ F } for F ∈F(X) and define a selection σ :F(X)→
X by σ(F ) = xα(F ). Then we shall check that σ and K satisfy all conditions of (3), as
follows.
First, σ is continuous; this is easily checked by using (vi).
Second, σ(F ) is an isolated point of F for every F ∈ F(X); this is because σ(F ) =
xα(F ) is an isolated point of Yα(F ) =X \ {xβ : β < α(F)} and F ⊂ Yα(F ) by the definition
of α(F ).
Finally, σ satisfy the condition (3.2); this is because of (iii).
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(3)⇒(2): Suppose that X satisfy (3), then X is locally compact, as was seen in the proof
of (4) ⇒ (3). So it suffices only to prove in case when X is not compact. Hence, to prove
(3) ⇒ (2), it is enough to show the following Lemma 1:
Lemma 1. Let X be a locally compact non-compact Hausdorff space and let φ and
K satisfy all conditions of (3) in Theorem 1 except (3.1). Then φ is continuously extendable
to X∗.
Proof. First, we shall show the following claim.
Claim. IntK= {IntK: K ∈K} covers X.
To verify this claim, suppose the contrary. Then there exist x0 ∈X and K0 ∈K such that
x0 /∈⋃ IntK and x0 ∈K0, becauseK is a cover of X. Since X is non-compact, we can find
x1 ∈ X \K0 and K1 ∈ K with x1 ∈ K1. As was shown in the proof of (4) ⇒ (3), K is a
chain with respect to inclusion relation, so we have K0 K1.
Let U0 = {U : U is a neighborhood of x0 with x1 /∈U}. For every U ∈ U0, we take xU ∈
U \K1, because x0 /∈ IntK1. Then we have φ({x0, x1})= φ({x0, x1}∩K0)= φ({x0})= x0
by (3.2).
On the other hand, for every U ∈ U0, we get φ({xU ,x1}) = φ({xU,x1} ∩ K1) =
φ({x1})= x1. So we have φ({x0, x1})= x1, because {x0, x1} ∈ ClF(X){{xU,x1}: U ∈ U0}
and φ is continuous. This is a contradiction. Therefore Claim holds.
Now we shall prove that φ∗ is continuous at F for every F ∈F(X∗), as follows.
Case 1. F ⊂X. In this case F is compact, so we have F ∈F(X). Since φ is continuous
at F ∈F(X), we can easily see that φ∗ is continuous at F ∈F(X∗).
Case 2. F = {∞}. It is clear.
Case 3. F = F0 ∪{∞}, where F0 = F ∩X = ∅. We have φ∗(F )= φ(F ∩X)= φ(F0) ∈
X. Let U be any open subset in X with φ∗(F ) ∈ U . Since IntK covers X, we may
choose K ∈ K with φ∗(F ) ∈ IntK . Put U0 = U ∩ IntK , then φ∗(F ) = φ(F0) ∈ U0. By
the continuity of φ at F0 ∈F(X), there is a neighborhood 〈V0,V1, . . . , Vn〉 of F0 in F(X)
with φ(〈V0,V1, . . . , Vn〉)⊂U0. By F0 ⊂⋃in Vi we find i0  n with φ(F0) ∈ Vi0 .
Then U1 = U0 ∩ Vi0 is open in X with φ(F0) ∈ U1. Hence 〈U1,V0,V1, . . . , Vn〉 is a
neighborhood of F0 in F(X), and φ(〈U1,V0,V1, . . . , Vn〉)⊂U0.
Now put
W = 〈X∗ \K,U1,V0,V1, . . . , Vn〉∗,
where 〈W0,W1, . . . ,Wm〉∗ = {F ∈F(X∗): F ⊂⋃imWi and F ∩Wi = ∅ for all i m}
for open subsets W0,W1, . . . ,Wm in X∗. ThenW is clearly a neighborhood of F inF(X∗),
so it is enough to show that φ∗(W)⊂U0.
Let F ′ be any member of W . We can easily see that ∅ = F ′ ∩K ⊂ (⋃in Vi)∩K .
Note that i0 /∈ A = {i: Vi ∩ F ′ ∩ K = ∅}. Choosing xi ∈ F ′ ∩ Vi for every i ∈ A,
we have xi /∈ K because Vi ∩ F ′ ∩ K = ∅. Put F ′′ = (F ′ ∩ K) ∪ {xi: i ∈ A}, then
we obtain F ′′ ∈ F(X), F ′′ ∈ 〈U1,V0,V1, . . . , Vn〉 and F ′ ∩ K = F ′′ ∩ K ′ = ∅. By
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φ(〈U1,V0,V1, . . . , Vn〉) ⊂ U0, we have φ(F ′′) ∈ U0. Thus, by (3.2) and the definition
of φ∗, the following holds:
φ∗
(
F ′
) = φ(F ′ ∩X)= φ((F ′ ∩X)∩K)= φ(F ′ ∩K)
= φ(F ′′ ∩K)= φ(F ′′) ∈ U0.
Hence we get φ∗(W)⊂U0. This completes the proof of Lemma 1. ✷
Thus we have finished the proof of (3) ⇒ (2).
(2) ⇒ (1): If X is compact, then X is homeomorphic to an ordinal space by Theorem 0.
If X is not compact, then φ∗ :F(X∗)→ X∗ is a continuous selection by (2). Since φ
satisfies (2.1), so does φ∗; that is, φ∗(F ) is an isolated point of F for every F ∈ F(X∗).
Therefore, by Theorem 0, X∗ is homeomorphic to a compact ordinal space δ0 = δ+ 1. By
the way of proof of Theorem 0, the homeomorphism g :X∗ → δ0 constructed in the proof
of Theorem 0 satisfies g(∞)= δ. So X is homeomorphic to δ by the restriction of g to X,
which completes the proof of (2) ⇒ (1). ✷
2. Another characterization via Fell-continuity: Proof of Theorem 2
In this section we apply Theorem 1 to prove Theorem 2, which is another characteriza-
tion of ordinal spaces via “Fell-continuous” selections.
Now, the Fell topology [2,1] on F(X) is defined by all basic Vietoris neighborhood
〈V〉 =
{
F ∈F(X): F ∩ V = ∅ for all V ∈ V and F ⊂
⋃
V
}
,
with the property that X \⋃V is compact, where V runs over the finite families of open
subsets of X.
A selection φ :F(X)→X is called Fell-continuous provided that φ is continuous with
respect to the Fell topology on F(X).
To show Theorem 2 we need two lemmas. The following first Lemma 2 has been
essentially proven in [4], but for the sake of completeness we present the whole proof.
Lemma 2 [4, Theorem 3.1]. Let X be a locally compact non-compact Hausdorff space.
Let φ :F(X)→X be a selection. Then the following are equivalent:
(a) φ is continuously extendable to X∗,
(b) φ is Fell-continuous.
Proof. (a) ⇒ (b). Suppose that φ∗ :F(X∗)→ X∗ is a continuous selection. Note that
F ∪ {∞} ∈F(X∗) whenever F ∈F(X), and also that
φ(F)= φ∗(F ∪ {∞}) for every F ∈F(X).
Let show that φ is Fell-continuous. Take F ∈ F(X) and a neighborhood U of φ(F) =
φ∗(F ∪ {∞}). Then, by the continuity of φ∗, there exists a finite familyW of open subsets
of X∗ such that
F ∪ {∞} ∈ 〈W〉∗ and φ∗(〈W〉∗)⊂U,
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where 〈W〉∗ = {F ∈F(X∗): F ∩W = ∅ for all W ∈W and F ⊂⋃W}. Then,
V = {W \ {∞}: W ∈W}
defines a finite family of open subsets of X such that, for every E ∈ F(X), E ∈ 〈V〉 if
and only if E ∪ {∞} ∈ 〈W〉∗. Hence, in particular, F ∈ 〈V〉 and φ(〈V〉)⊂ U . In addition,
X \⋃V is compact because X \⋃V =X∗ \⋃W . That is, φ is Fell-continuous.
(b) ⇒ (a). Suppose φ is Fell-continuous. We show that φ∗ :F(X∗)→X∗ is continuous.
Note that any selection is continuous at the singletons of F(X∗). Hence, in particular,
φ∗ is continuous at {∞}. Take now F ∈ F(X∗) such that F ∩ X = ∅, and let U be
a neighborhood of φ∗(F ) = φ(F ∩ X). Since φ is Fell-continuous, there exists a finite
family V of open subsets of X such that X \⋃V is compact, F ∩X ∈ 〈V〉, and
(i) φ(〈V〉)⊂U .
Then, by the definition of the topology at the point ∞, we get that
(ii) V0 = (⋃V)∪ {∞}
is a neighborhood of ∞ in X∗ because X \⋃V is compact. Finally, put
(iii) V0 = {V0} ∪ V .
In this way, we get a finite family V0 of open subsets of X∗ because X is open in X∗. Take
E ∈ F(X∗) and then note that E ∈ 〈V0〉∗ implies that E ∩ X ∩ V = ∅ for every V ∈ V .
Hence, by (ii) and (iii), we get that E ∈ 〈V0〉∗ if and only if E ∩X ∈ 〈V〉.
In particular, by (i), this implies that 〈V0〉∗ is a neighborhood of F in F(X∗) such that
φ∗(〈V0〉∗)⊂U . That is, φ∗ is continuous at F ∈F(X∗). ✷
The following is the second lemma we need.
Lemma 3 [4, Theorem 2.1]. If a Hausdorff space X has a Fell-continuous selection, then
X is locally compact.
Now combining the above Lemmas 2 and 3 together with Theorem 1, we prove
Theorem 2 as follows.
Proof of Theorem 2. (1) ⇒ (2′): This is easily obtained from (2) of Theorem 1 and
Lemma 2.
(2′) ⇒ (1): This implication is immediately checked from (2) of Theorem 1 and
Lemma 3. ✷
3. Examples
We shall provide three examples about Theorems 1 and 2.
The first one shows that Theorem 1 needs the conditions (2.2), (3.2) and (4.2) in (2), (3)
and (4), respectively, and shows that Theorem 2 needs the Fell-continuity.
The second example shows that Theorem 1 needs the conditions (2.1), (3.1) and (4.1)
in (2), (3) and (4), respectively, and shows that Theorem 2 needs the condition of
isolatedness of φ(F).
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On the other hand, our proof of (3) ⇒ (2) have been directly done, that is, φ in (3)
is always continuously extendable to X∗. However the third example shows that the
implication (4) ⇒ (2) cannot be directly proven, that is, φ in (4) is not always continuously
extendable to X∗.
Example 1. Consider the locally compact subspace X = (ω1 + ω1) \ {ω1} of the ordinal
spaceω1+ω1. Define φ :F(X)→X by φ(F)=minF . LetKα = [0, α]∪[ω1+1,ω1+α]
for every α < ω1. Then it is easy to see that X, φ and K = {Kα : α < ω1} satisfy all
conditions of (2), (3) and (4) but (2.2), (3.2) and (4.2), respectively.
However X is not homeomorphic to any ordinal space as follows. Suppose that X is
homeomorphic to an ordinal space. Since X is first countable and has the cardinality
ω1,X is homeomorphic to ω1. So ω1 has two disjoint closed unbounded subsets, because
X has two disjoint closed subsets with the cardinality ω1. Since ω1 does not have such two
subsets, this is a contradiction. Thus X is not homeomorphic to any ordinal space.
So, by Theorem 1, X,φ and K does not satisfy any of (2.2), (3.2) and (4.2), and by
Theorem 2 φ is not Fell-continuous.
Example 2. Let L(ω1,ω1) be the space of Example 4 in [3], that is, L(ω1,ω1) denotes
the quotient space obtained from the disjoint union of ω1 + 1 and ω1 + 1 by identifying ω1
and ω1 to one point ∞.
LetX be the topological sum of {Xn: n < ω}, whereXn = L(ω1,ω1) for all n < ω. Then
X is locally compact non-compact and scattered. Furthermore X has a Fell-continuous
selection as follows. By Example 4 in [3], Xn has a continuous selection φn :F(Xn)→Xn
for every n < ω. Let n(F )=min{n < ω: F ∩Xn = ∅} for F ∈F(X) and define a selection
φ :F(X)→ X by φ(F) = φn(F )(F ∩ Xn(F)). Then we can easily check that φ is Fell-
continuous, and that X, φ and K = {Kn: n < ω} satisfy all conditions of (2), (3) and (4)
but (2.1), (3.1) and (4.1), respectively, where Kn =⋃in Xi for n < ω.
However X is not homeomorphic to any ordinal space by the following lemma. For
two ordinals κ and τ , by L(κ, τ ) we denote the quotient space obtained from the disjoint
union of κ + 1 and τ + 1 by identifying κ and τ to one point ∞. By cf (α) we denote the
cofinality [5] of an ordinal α.
Lemma 4. Let κ and τ be limit ordinals. Then the following are equivalent:
(i) L(κ, τ ) is homeomorphic to an ordinal space.
(ii) L(κ, τ ) is homeomorphic to a subset of an ordinal space.
(iii) cf (κ)= cf (τ )= ω.
Proof. (i) ⇒ (ii). It is clear.
(ii) ⇒ (i). Since L(κ, τ ) is compact, this implication is immediately shown from the fact
that every closed subset of an ordinal space is homeomorphic to some ordinal space.
(i) ⇔ (iii). This is obtained by a similar argument to a proof of Theorem 3 in [3], hence
we omit the proof. ✷
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Now, we show X is not homeomorphic to any ordinal space. Suppose that X is
homeomorphic to an ordinal space δ, then L(ω1,ω1) is homeomorphic to a subset of δ.
Therefore, by Lemma 4, we get cf (ω1)= ω, a contradiction.
Example 3. Let X be the set of all natural numbers ω with the usual order topology. Let
Ln = {2n,2n+ 1} and let Kn =⋃in Li for n < ω. Define φ :F(X)→X by φ(F)= 1,
if there is n > 0 with L0 ∪Ln ⊂ F ; φ(F)=minF , otherwise.
Then we can readily show that X, φ and K= {Kn: n < ω} satisfy all conditions of (4).
However φ is not continuously extendable to X∗ =X ∪ {∞}, that is, φ∗ :F(X∗)→X∗ is
not continuous, as follows.
Let F0 = L0 ∪ {2n: n < ω} ∪ {∞} and let Jn = L0 ∪ {2i: i  n} ∪ Ln for n < ω. Then
we have F0 ∈ ClF(X∗){Jn: n < ω}, φ∗(Jn) = φ(Jn) = 1 and φ∗(F0) = φ(F0 ∩ X) = 0.
Thus φ∗ is not continuous at F0 ∈F(X∗).
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